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Abstract 



The affine-Virasoro Ward identities are a system of non-linear dif- 
Q^' ferential equations which describe the correlators of all affine-Virasoro 

constructions, including rational and irrational conformal field theory. 
We study the Ward identities in some detail, with several central results. 
^ I First, we solve for the correlators of the affine-Sugawara nests, which 

5-( ' are associated to the nested subgroups g D hi D . . . D h^. We also 



find an equivalent algebraic formulation which allows us to find global 
solutions across the set of all affine-Virasoro constructions. A particular 
global solution is discussed which gives the correct nest correlators, ex- 
hibits braiding for all affine-Virasoro correlators, and shows good physical 
behavior, at least for four-point correlators at high level on simple g. In 
rational and irrational conformal field theory, the high-level fusion rules 
of the broken affine modules follow the Clebsch-Gordan coefficients of the 
represent at ions . 
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1 Introduction 



Affine Lie algebra [1,2], or current algebra on S^, was discovered independently 
in mathematics and physics. Affine- Virasoro constructions are the most general 
Virasoro operators [3,4] 

T = L'^'jaJb (1.1) 

which are quadratic in the currents Jo of the affine algebra. The coefficients 
L"^ in the stress tensor T can be any solution of the Virasoro master equation. 
The solution space of the master equation, called affine- Virasoro space, includes 
the affine-Sugawara constructions [2,5,6,7], the coset constructions [2,5,8], the 
affine-Sugawara nests [9,10,11], and a vast number of new constructions, most of 
which have irrational central charge [10]. As an example, it is known that there 
are approximately 1/4 billion solutions of the master equation on each level of 
affine SU{3), while the value at level 5 [12] 

c ((5t/(3)5)# = 2 (^1 - -1= j 1.7439 (1.2) 

is the lowest unitary irrational central charge yet observed. Partial classification 
of the solution space and other developments in the Virasoro master equation 
are reviewed in Ref.[13]. 

It is clear that the Virasoro master equation is the first step in the study 
of irrational conformal field theory (ICFT), which includes rational conformal 
field theory (RCFT) as a small subspace of relatively high symmetry, 

ICFT D RCFT . (1.3) 

The next step is a description of the correlators of irrational conformal field 
theory, about which we have the intuitive notion that they must involve a 
generically-infinite number of conformal structures. The organization of these 
structures must be generically new, since it is unlikely that the generic affine- 
Virasoro construction supports an extended chiral algebra. 

Using null states of the Knizhnik-Zamolodchikov type [7], we recently re- 
ported the derivation of dynamical equations, the factorized affine- Virasoro 
Ward identities [14], which describe the correlators of irrational conformal field 
theory. For any K-conjugate pair [2,5,8,3] of affine- Virasoro constructions, one 

1 



may compute a set of affine-Virasoro connections for the pair. The connec- 
tions are the input data for the Ward identities, which generahze the Knizhnik- 
Zamolodchikov equations to the broader context of coset constructions and ir- 
rational conformal field theory. In form, the Ward identities are a system of 
coupled non-linear differential equations for the factorized correlators of the 
K-conjugate pair of conformal field theories. Because the affine-Sugawara con- 
structions are K-conjugate to the trivial theory, the Knizhnik-Zamolodchikov 
equations are included as the simplest case of the Ward identities. 

As a first non-trivial example, we solved the Ward identities for the corre- 
lators of the coset constructions, providing a derivation of the coset blocks of 
Douglas [15]. In the present paper, we go beyond the cosets to study the Ward 
identities for all affine-Virasoro constructions. 

After a brief review of the master equation and the Ward identities, we 
discuss some general properties of the affine-Virasoro connections, including K- 
conjugation covariance, crossing symmetry and the high-level form of the general 
connections. As a first application of the general properties, we construct the 
connections and solve for the conformal correlators of all the affine-Sugawara 
nests, which are associated to the nested subgroups 

gDhiD ...Dhn . (1.4) 

Our results explicitly verify the intuition that the nests arc tensor-product 
RCFT's, constructed by tensoring the relevant coset and subgroup construc- 
tions. 

Turning to the general afiine-Virasoro construction, wc find an equivalent 
algebraic formulation of the system which, given the affine-Virasoro connections, 
allows us to find global solutions of the Ward identities across all affine-Virasoro 
space. The solutions involve a generically-infinite number of conformal struc- 
tures, in accord with intuitive notions about irrational conformal field theory, 
but many of the solutions are apparently not physical. 

Based on a natural eigenvalue problem in the system, we focus on a partic- 
ular infinite-dimensional global solution with the following properties: 

a) The conformal structures arc degenerate for the coset constructions and 
affine-Sugawara nests, and the correct correlators are obtained in these 
cases. 
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b) The solution exhibits a braiding for all affine-Virasoro correlators which 
includes and generalizes the braiding of rational conformal field theory. 
The origin of the braiding is the linearity of the eigenvalue problem. 

c) The solution shows good physical behavior, at least for four-point afiine- 
Virasoro correlators at high level on simple g. From the high-level corre- 
lators, we determine that the high-level fusion rules of the broken affine 
modules follow the Clebsch-Gordan coefficients of the representations. 

2 The Virasoro Master Equation 

In this section, we review the Virasoro master equation and some features of the 
system which will be useful below. 

The general affine-Virasoro construction begins with the currents Ja of un- 
twisted affine g [1,2] 

>^a(^) = E4"^^~""' , a = l,...,dim^ , m,ne2 (2.1a) 
Ja{z) Mw) = . + Uw) + 0{z - wf (2.16) 

[z — wy z — w 

where fah^ and Gab are the structure constants and general Killing metric of g. 
The current algebra (2.1) is completely general since g is not necessarily compact 
or semisimple. In particular, to obtain level xi — 2ki/iljj of gi in g — ®igi with 
dual Coxeter number hi — Qi/ipj, take 

Gab = ®lki7ji, , fac''fb/=-®lQlvL (2.2) 

where rj^jj and ipi are the Killing metric and the highest root of gj. 
Next, consider the set of operators quadratic in the currents 

T{z) = :Ja{z)Jb{z) : = El(™)^— 2 (2.3) 

m 

where the set of coefficients L"^ = L^"- is called the inverse inertia tensor, in 
analogy with the spinning top. The requirement that T{z) is a Virasoro operator 

T(z) T{w) = + f + ^] T{w) + 0{z - wf (2.4) 

[z — Wf \\^ ~ '^y z — w ) 
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restricts the values of the inverse inertia tensor to those which solve the Virasoro 
master equation [3,4] 

^ab ^ 2L'^G,dL'"' - L'^'^L'^fW'fdf' - L'^fcJfdf^'"!}^' (2.5a) 

c = 2G„6L«'' . (2.56) 

The Virasoro master equation has been identified [16] as an Einstein-like system 
on the group manifold, with L"* the inverse metric on tangent space and c = 
dim g — AR, where R is the Einstein curvature scalar. 

Some general features of the Virasoro master equation include: 

1. Affine-Sugawara constructions [2,5,6,7]. The affine-Sugawara (A-S) construc- 
tion Lg is 

< = *'2i4cr • ^. = E^ (2.6) 

for arbitrary level of any and similarly for when h d g. 

2. K-conjugation covariance [2,5,8,3]. When L is a solution of the master equa- 
tion on g, then so is the K-conjugate partner L of L, 

lab^^ab_^ab ^ c = Cg - C (2.7) 

and the corresponding stress tensors form a K-conjugate pair of commuting 
Virasoro operators 

T(z) ^^L^'")^-"*-' (2.8a) 

m 

f{z) f{w) = -^/^ + f + f{w) + 0{z - wf (2.86) 

[z — w)^ \[z — wY z — w J 

T{z)f{w)^0{z-wf . (2.8c) 

The affine- Virasoro stress tensors T and T are quasi (2,0) operators under the 
affine-Sugawara stress tensor Tg — T + T. 

3. Cosets and affine-Sugawara nests. The simplest K-conjugate pairs are the 
subgroup constructions Lh and the corresponding g/h coset constructions [2,5,8] 

Lf/^^Lf-Lf , Cg/n^Cg-CH (2.9) 
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while repeated K-conjugation on subgroup sequences g D hi D . . . D hn gener- 
ates the afhne-Sugawara (A-S) nests [9,10,11] 

n 

Lg/hi/.../h„ ^Lg- Lh,/.../hn ^Lg + Y.{-yLh^ (2.10a) 

n 

Cg/hi/.-./hn ^Cg-Ch^/.../hn = Cg + J2i~y(^h, ■ (2.106) 

Note that the stress tensors of the affine-Sugawara nests may be written as sums 
of mutually-commuting Virasoro constructions an. g/h and h 

n 

Tg/hi/.../h2n+i ^Tg/hi +'^Th2i/h2i+i (2.11a) 

i=l 
n-1 

Tg/hl/.../h2^ = Tg/hi + Th2i/h2^+l + Th^^ (2.116) 

i=l 

so the conformal field theories of the affine-Sugawara nests are expected to be 
tensor-product theories. By computation of the nest correlators, we will explic- 
itly verify this intuition in Section 5. 

Other developments in the Virasoro master equation, including the world- 
sheet action [17] for the generic affine- Virasoro construction, are reviewed in 
Ref.[13] 

3 The AfRne- Virasoro Ward Identities 

In this section, we review the affine- Virasoro (A-V) Ward identities [14] , which 
generalize the Knizhnik-Zamolodchikov equations [7] to the broader context of 
coset constructions and irrational conformal field theory. 

1. Virasoro biprimary states. Let |0) be the affine vacuum and Rg{T, z) be the 
affine primary fields corresponding to irreducible matrix representation T of g. 
Under the stress tensor T, the conformal weights Ao,(T) of the affine primary 
states are the eigenvalues of the conformal weight matrix L°'^Ta% [18,10]. In 
what follows, we choose an L-basis of T [14], in which the conformal weight 
matrix is diagonal 

L-\%%)J' = ^^{T)5i , a,/3=l,...,dimr . (3.1) 
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Then the corresponding eigenstates i?^(T, 0)|0), called the L"^- broken affine 
primary states, satisfy 

L-^Oi?^(r, o)|o) = 5^,0 A„(r)i?^(r,o)|o) (3.2a) 

L-^Oi?^(r, 0)|0) = 5„,o A«(T)/2^(T,0)|0) (3.26) 

A,(r) = A,(r) + A,(r) (3.2c) 

where Ag(T) and Aa(T) are the conformal weights of Tg and T respectively. 
The L"''-broken affine primary states are examples of Virasoro biprimary states 
[18,10,14], which are simultaneously Virasoro primary under the K-conjugate 
stress tensors T and T. 

2. Virasoro biprimary fields. The corresponding L"^-broken affine primary fields 

i?"(r, z, z) = e(^"-^)^'-^'i?,"(r, z) e(^-^-)^*-^' = e(^-^")^*-'^i?,"(T, z) e^'-^)^'-'' 

(3.3a) 

i?"(r,z,z) = i?^(r,^) , /2«(T,0,0)|0) = i?«(T, 0)|0) (3.36) 

are examples of Virasoro biprimary fields [18,14], which are simultaneously Vi- 
rasoro primary under T and T. The correlators of Virasoro biprimary fields, 
such as 

A'iz.z) = {R'''{T\z,,z,)...R''-{T\zn,Zn)) , a = («!...«„) (3.4) 
are called biconformal correlators. 

3. Affine- Virasoro Ward identities [14]. Using null states of the Knizhnik- 
Zamolodchikov type, one obtains the affine- Virasoro Ward identities for the 
biconformal correlators. In the case of broken affine primary fields, these read 

d,, . . . . . . d,^A"{z, z)U=, = ^J(^)WS,...,„n....,(^)/3" (3.5a) 

A'^iz) = A-(z, z) = {Rf{T\ z^)... R'^-(T\ z^)) (3.56) 

where are the affine- Virasoro connections and Ag{z) is the affine- 

Sugawara correlator, which solves the Knizhnik-Zamolodchikov equations [7] 
and the s'-global Ward identities 

n 

^J(EW = , aeg . (3.6) 

i=l 
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The connections may be computed by standard dispersive techniques from the 
formula 



duq^s f dr/g+s 1 



X{Jai{Vl)JbiM ■ ■ ■ JaSVq)Jb,{^q)JcAVq+l)JdA^q+l) ■ ■ ■ 

JcAvq+p)JdM+p)RT('^'^^^) ■ ■ -^ri^"'^")) (3-7) 

since the required averages are in the affine-Sugawara theory on g. The first- 
order connections are 

n n'i'-ri 

Wi,^ + W^,, ^Wf^ 2Lf (3.86) 

where Wf are the affine-Sugawara connections obtained by Knizhnik and Zamo- 
lodchikov. The second-order connections are given for completeness in Appendix 
A. 

4. Invariant correlators. Under T and T, the biconformal correlators enjoy an 
SL{2, IR) X SL{2, IR) covariance, and the invariant four-point correlators Y are 

Y-(u,u)=(i[z:;^z:Aa-{z,z) , u^'-^ , fZ=^ (3.9a) 

\ j<j I ^14^32 ^14^32 

7i2 = 7i3 = , 7i4 = 2 Ac,i , 723 = + A^^ + A„3 - A^^ 

724 = -A«^ + Aa2 - + , 734 = "A^j - A„2 + A«3 + Aa^ 

(3.96) 

7ii = 7iilA^A (3-9c) 

where a = (Q;ia2Ct3Ct4)- The invariant correlators satisfy the invariant affine- 
Virasoro Ward identities 

9W«(iZ,ii)|^=„ = y/(ii)iy,p(xi)/ (3.10a) 

Y^-{u)^Y'^iu,u) , y/(X:^V = , ae^ (3.106) 

1=1 
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where Yg{u) is the invariant afhne-Sugawara correlator and W^p are the invariant 
affine-Virasoro connections. The first-order invariant connections are 

W^io = 2L«M + , M^oi = 2L°M + (3.11a) 

\ u u — 1 J V'" u — 1 J 

Ww + Wqi = W^ ^21"^^^ + ^-^] (3.116) 

^ \ w u—1 J 

and the second-order invariant connections are given in Appendix A. 

5. Consistency relations. The afhne-Virasoro connections satisfy the consistency 
relations 

{di + W,^)W^,,..,„,n...i, = + Wj,...j^^,...i^i (3.12a) 

{d + W')W,p = + (3.12&) 

where Wqq = 1. The consistency relations were originally derived [14] from 
simple properties of the biprimary fields, and the relations are necessary condi- 
tions for factorization, discussed below. In fact, the relations also follow directly 
from the definitions (3.5a) and (3.10) of the connections as derivatives of the 
biconformal correlators, so the consistency relations are integr ability conditions 
for the existence of the biconformal correlators. To understand this, the reader 
should begin with the slightly simpler case fqp = d'^d^f{u, m)|«=«, which satisfies 
dfqp = fq+i,p + fq,p+i for all f{u, u). 

6. Factorization. In order to separate the conformal field theories of L and L, 
we assume the abstract factorization 

A°(5, z) = {A{z) A(^))" , y"(iZ, u) = {Y{u) Y{u)y (3.13) 

where the barred and unbarred amplitudes are the proper correlators of the 
L and the L theories respectively. Then the factorized affine-Virasoro Ward 
identities 

{dj,...dj^Ad,,...d,^Ar^A^g{Wj,..,^,^^^^^^^^ , A'^g = {AAr (3.14a) 

(d'^Ydpy)'' ^Yg^{Wqp)p" , y;^ = (yr)" (3.146) 

are coupled non-linear differential equations for the K-conjugate pair of confor- 
mal field theories. 
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To make the factorization concrete, we must also specify the factorized 
assignment of the Lie algebra indices. In this paper, we will discuss, at various 
levels of completeness, four concrete factorization ansatze 



A''{z,z) 


V 


[matrix] 


(3.15a) 


A'^{z,z) 


V 


[vector] 


(3.156) 


A"{z,z) 


= Y.K{z)A^{z) 

V 


[vector-bar] 


(3.15c) 


A'^{z,z) 




[symmetric] 


(3.15d) 



V 



and the corresponding forms for the invariant amplitudes. The first and last of 
these ansatze were introduced in [14] , where a solution for the coset constructions 
was found in the matrix ansatz. A common feature of these ansatze is the 
conformal structure index z/, which labels the conformal structures A^. We 
shall see that a generically-infinite number of conformal structures is required 
to factorize the general affine-Virasoro construction. 

7. Coset correlators. The biconformal correlators for h and the gjh coset con- 
structions are [14] 

L = Lg/h , L = Lh (3.16a) 
A"(z, z) 

y°(M,M) 

where Ag/h and Yg/h are the coset correlators and the two-index symbols are the 
invertible evolution operators of h, 

d^Auiz, zo) = Au{z, z^)W^{z) , diAl\z, z^) = -Wl^{z)Al\z, z^) (3.17a) 

A(.o,.o)/- ^^^^^^^^.(,/ f (3.176) 
dYh{u,uo) = Yh{u,uo)W''{u) , ai7'(«,«o) = -W^«)n"'K«o) (3.17c) 



K/hi^^ ^o)^fe(^, ^o)/ 



1=1 

Yg/h{%uo)Yh{u,uo)f3" 
Yg%d:V)f,-^0 , aeh 



(3.166) 
(3.16c) 
(3.16d) 
(3.16e) 



9 



nK,Wo)/ = (^f . (3.17d) 
The solution (3.16) resides in the matrix ansatz (3.15a), with only one conformal 
structure, and, at the level of conformal blocks, this solution shows the form 

y,%(«, uo) = Yg%{u, uoKuih) , Y^%{u, uo) = dT(K),^^,(«o)fl'" (3.18a) 

C{u)r'' = J^g{u)rT^\u)m'' (3.186) 

where v%j{h) are the /i-invariant tensors of (8) • • • (8) T^. The li-dependent 
factors C{u)r^ are the coset blocks defined by Douglas [15,14,19]. 

An important subtlety here is that the evolution operators and are 
not the h correlators, because they do not satisfy the /i-global Ward identities. 
The proper factorization of (3.16) into the correlators oi g/h and h is [14] 



A"(z, z) = Af/„{z, zo) Ah{z, ^o)m" (3.19a) 

Ag/h-K/h^M{h) , {A,)M"^wUh){A,)^" (3.196) 

Y^{u, u) = Yg%{u, Uo) Yh{u, iio)M" (3.19c) 

yg%-yg%vUh) , (n)M"^<(/i)(W (3-19rf) 



where w%{h) are the /i-invariant tensors of T^®- • -^T". In (3.19), the projected 
factors (^/i)m° and (1/i)m° may be identified as h correlators because they 
satisfy the /i-global Ward identities. Moreover, the factors A^j^ and Y^^ (see 
(3.18)) are equivalent representations of the coset correlators A'^j^ and FJ/^j, 
since the two sets are equal up to constant tensors. We finally note that the 
factorization (3.19) is in the vector ansatz (3.15b) with v — M. 

For use below, we also give the known connections for h and g/h 



Kn-i.i... = (^Wi + K..)Kn...i. (3.20c) 

W,^[L = Lg/h, L^Lh]^ W^tw^^ (3.20d) 

W'^i\o ={d + W3)W'gt - Wltw^ (3.20e) 

W^o'p+i = + ^'Xp (3-20/) 



where W^oo = 1 and the first-order connections of g and h are given in (3.8), 
(3.11). These results are rederived in Section 5 by a method which also generates 
the connections and conformal correlators of all the affine-Sugawara nests. 
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4 Some General Properties of the A-V Connections 



In this section, we discuss a number of general properties of the affine-Virasoro 
(A-V) connections. 

A. Solution of the consistency relations. It was noted in Ref. [14] that the consis- 
tency relations (3.12) can be solved to obtain the general connections in terms 
of the canonical sets Wop or Wo,ii...ip; or similar sets. The explicit forms of these 
solutionsf] 

r=0 
P 



E(-i 

r=0 



rj q\ ^ 



11 '^jj^0,>+i...i,ii...ip 



r=0 



r 



^ V(ii...ip) 



k=l 



Vf = d, + Wf 



(4.1a) 
(4.16) 



E( 

r=0 

P 

E( 

r=0 



0,p+r 



q+r,0 



(4.1c) 
{Aid) 



are easily checked with the binomial identity C^^^) 

In what follows, we refer to Wo,ii...ip; W^ii...j9,0; W^op and WqQ as the one- 
sz(ie(i connections, and the rest of the connections (e.g. VF^p, g,p > 1) as the 
mixed connections. It is clear from their definition in (3.7) that the one-sided 
connections are functions only of L or L 



(4.2) 



and so are associated directly to the L or the L theory. This property is not 
shared by the mixed connections Wj^,,,j^^i^,,,i^(L, L) and Wqp(L,L), which are 
functions of L and L. 



tin (4.1a,b), sums over all permutations of the indicated indices and the following 
rules are included: 11°=! -^fk = ^ ^^"^ W^o,jg+i...j,ii...ip = W^o,n...ip for the r = 0, (7 terms in 
(4.1a), and similarly for the r = 0,p terms in (4.1b). 
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B. Connection sum rules. The translation sum rules 

oo 1 n n 



r,s=0 ■ ■ li...lr ki...ks 



lv=l 



Wh...lrji—jq,ki--ksh--ip{^o) 
Ag{z,Zo)Wj,...j^^i,...i^{z) 



Yl Wr+q,s+p{uo) ^Yg{u,Uo)Wqp{u) 



r,s=Q 



r! S! 



relate the connections at different points, where 

diAg{z, Zo)/ = Ag{z, Zo)a"' Wf{z)^'^ , Ag{zo, Zo)a^ = 
d^Ygiu, Uo)J = Yg{u, Uo)a'' W^{u)^^ , Yg{uo, Uo)J = 5f 



(4.3a) 
(4.36) 



(4.4a) 
(4.46) 



are the invertible evolution operators of the afiinc-Sugawara construction on 
g. These identities are obtained by repeated application of the consistency 
relations. 

C. K-conjugation covariancc. It is clear on inspection of (3.7) that the connec- 
tions enjoy the K-conjugation covariance 



Wgp{L,L) = Wpg{L,L) 



(4.5a) 
(4.56) 



under the exchange L L oi the L and L theories. The simpler covariance of 
the one-sided connections 



W. 



W,o(L = L,) = Wog{L = L,) , Wop{L = L,) = Wpo{L = L 



(4.6a) 
(4.66) 



follows immediately with (4.2), where L* is any particular affine-Virasoro con- 
struction. 

D. Crossing symmetry. The computations in (3.7) can be performed for a fixed 
ordering of operators and then again after an exchange k <-> I (including T"s, z's 
and indices) . The crossing symmetry of the connections 



^ji—jq,ii—ip\k^l 



3\...]q,l\...lp 



(4.7) 
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then follows from the usual analyticity in z for (derivatives of) the biconformal 
correlators at Zi = zi. We have checked this symmetry for the explicit forms in 
(3.8), (A.l) and the affine-Sugawara nest connections of Section 5 and Appendix 
B. A corresponding crossing relation of the invariant connections 

W,^{\ -u) = {-T''P2zWMPiz (4.8a) 
^23^2^23 = ^3 , P|3 = l (4.86) 

follows by 5*17(2, IR) X 5*^(2, IR) covariance from (4.7), using (A. 3) and the ex- 
plicit form of VFoi in (3.11a). 

E. High-level connections^ To leading non-trivial order in on simple (7, the 
currents are effectively abelian and we can evaluate (3.7) by Wick expansion 
using [12,17] 

pah _ T)ah 

If> = ^ 0(k~^) , = — + 0(k~^) (4.9a) 

2k 2k 

pab^pab^^ab ^ P^\^P^'^ = Q (4.96) 

Ja{z)Mw)= . +0(A:°) . (4.9c) 

I I [z - 

Here, 77"'' is the Killing metric on g and P and P are the high-level projectors of 
the L and L theories respectively. The leading term in (3.7) is obtained at 0{k^) 
from the maximum number p + q of contractions. This contribution vanishes 
because no Ui — Zj linkage is generated (between the currents and the affine 
primary fields), so the contour integrals are zero. The next to leading term at 
0{k~^) can be computed with p + q — 1 contractions. As seen in the leading 
term, the only contractions which survive the contour integrations are those for 
which no subset of contractions covers a complete subset of {uJi,T]i) pairs. Then 
it is not difficult to see that all contributing terms involve a coefficient of the 
form 

{p,vP2v...vPp+,r'' , 

where Pr may be P or P. According to eq.(4.9b), this factor is zero unless all 
the projectors are the same, which says that the mixed connections are (^(fc"^). 

^ The following discussion assumes a fixed choice of external representations T in the 
biconformal correlators. 
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The high-level form of the affine-Virasoro connections 

= 9,-. j W,,,o + 0{k-^) , q>l (4.10a) 

W^o,n...i. = ^o,i, + 0{k-^) , p > 1 (4.106) 

= C?(/c-') , g,P>l (4.10c) 

is then obtained by solving the consistency relations for the one-sided connec- 
tions. Similarly, we obtain 

Wqo^d''-^Ww + 0{k-'') , q>l (4.11a) 

Wop = dP-^Woi + 0{k-'') , p>l (4.116) 

Wqj,^0{k-^) , q,p>l (4.11c) 

for the invariant connections. It follows from (4.10) and (4.11) that both sets 
may be written in the factorized forms 

W^,,...,„n.... = W-,,...,„oW^o,n..... + 0{k-^) (4.12a) 

W^5P = W^oW^ + 0{k-^) (4.126) 
which, according to eq.(3.20), are exact to all orders for L — Lgj^ and L — Lh- 

5 The AfRne-Sugawara Nests 

In this section, we formulate an iterative procedure, using K-conjugation and 
the solutions (4.1) of the consistency relations, to obtain the connections and 
conformal correlators of the affine-Sugawara nests [9,10,11] 

L = Lg/hi/.../hn > L ^ Lhi/.../hr, ■ (5.1) 

For simplicity, we will follow the argument for the invariant correlators and give 
the corresponding results for the n-point correlators at the end. 

In this development, we will use two identities repeatedly 

{d + WyA = Y-^dP{YA) , dY{u, uo) = Y{u, uo)W{u) , Y{uo, uo) = 1 

(5.2a) 
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12i-y (^) d'^-'[A{d'^B)C] = (^) {&'~''A)B{d^C) (5.26) 

r=0 ^'^^ r=0 ^'^^ 

which hold for all A, B, C and W, where Y is the invertible evolution operator 
oiW. 

We begin with the one-sided connections of the trivial theory 

Wop{L = = t5o,p . (5.3) 

Substitution of these into the solution (4.1c) gives 

W,,Cl = Lg,L = 0) = {d + W>^)n6o,p (5.4) 

which implies the one-sided affine-Sugawara connections on g 

W,o{L = Lg) = {d + W^yi = Y-^dWg , dVg = Y ,W ^ , Y,{uo, Uo) = l . 

(5.5) 

Here Wio{Lg) = is the invariant affine-Sugawara connection in (3.11b). 
Renaming the group, we have ior h <Z g 

W,o{L = Lh) = {d+ W'^yi = Y^^dWn , dYh - YnW^ , n(«o, «o) = H 

(5.6a) 

Wop{L = U) = {d + = Y,:^dWh (5.66) 

where (5.6b) follows from (5.6a) and (4.6). Then, using (5.6b) in the solution 
(4.1c), we obtain the connections for g/h on the left 



r=0 



r=0 

q 



(5.7) 



= Y-' E(-l)'' (^) d^-'^iYg/ud'+^YH) 

^Y-\d^Yg,nWYn) , Yg,n^YgY^' 

where the identities (5.2a,b) were used in the last two steps. 

At this point in the iteration, we have regained the known results for the 
coset constructions, since the one-sided coset connections 

W,,{L = L,/,) = Y-\dWg,n)YH (5.8) 
15 



solve the recursion relation (3.20e). To see the factorized biconformal correlators, 
note that (5.7) may be rewritten as 

Y^^W,,[L = L,/,,L = L,]/ = = &id^Y%u,u)U=^ (5.9a) 

Y-{u,u)[L = Lg/h,L = Lf,] = Yf/,{u,uo)YH{u,uo)p'' (5.96) 

y«/,(ii, uo) = Yg^{uo)Yg/,{u, Ko)/ , Yg^iu) = Yg^{uo)Yg{u, uo)^'' . (5.9c) 

These forms verify the factorized Ward identities for g/h and h, where y^"^ 
in (5.9c) is the coset correlator. Note also that Y^, Wqp and the biconformal 
correlators are independent of the reference point uq because 

duoY{u, Uo) = -W{uo)Y{u, Uo) (5.10) 

follows for the evolution operator in (5.2a). 

We move on now to the first nontrivial affine-Sugawara nest, defined on 
g D hi D h2. Renaming groups again and using (4.6), we know from the result 
(5.8) for the cosets that 

Wo,{L = L,,/,J = Y^-\&>Y^,/^,)Y^, . (5.11) 

Then, we obtain the nest connections 

- Ei-^r (!) id+Wr-'[Y,-\d^+^Y,,/,,)Y,,] 
= V' E(-l)'^ (!) d'-'[y9/HAd'^'Yn,,u,)Yn,\ 

r=0 ^ ' ^ 

(5.12) 

from (4.1c), where the identities (5.2a,b) were used in the last two steps. The 
nest connections may also be expressed in the form 
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where W^p^^ = Wop{Lg/h) and Wq^ = Wop{Lh) are the one-sided connections of 
g/h and h. In this form, we see that the nest connections are independent of 
the reference point uq- 

We may also display the nest connections in the form 

YgWgp[L = Lg/h,/h„L = Ln,/h,] = {d'idP[Yg/hMyh,/hAu)YhM]} U=u (5.14) 

which verifies the consistency relations (3.12b) on inspection, according to the 
remarks below (3.12). Moreover, the form (5.14) shows that the unfactorized 
Ward identities (3.10) are solved by the biconformal nest correlators 

F"(u,m)[Z = Lg/h,/h2,L = Lh^/h^] = Yg^/f^^{u,uo)Yh^/h^{u,uo)p'^Yh2{u,uo)^" 

(5.15) 

where Yj^"^ is the invariant coset correlator defined in (3.16e). According to 
(5.10), the biconformal nest correlator is independent of the reference point uq. 

In order to factorize the biconformal nest correlator (5.15) into the confor- 
mal correlators^ of g/hi/h2 and /ii//i2, we need the expansions [14] 

Y'/H.=Y,";L<ihi) (5.16a) 

(F,,/,J^J ^ <(/^i)(n,/.J/ = (V;,/.J„r^<(/^2) (5.166) 
iY,,y^,'^ ^ vl^ih)iY,,),^ (5.16c) 

(>^W/^.W^(EW = (>^/..k/(EW = , aeh, (5.16d) 

i=l 1=1 

where v'^^{hi) are the /ij-invariant tensors of T^®- ■ -^T^. Then, (5.15) factorizes 
as follows, 

Y'^{u,u)[L = Lg/hi/h2,L = Lhi/hi] 

= Y{u,Uo)[L = Lg/h,/h2r'm2'^Y{u,Uo)[L = Lh^/h^]^^""^ 

(5.17a) 

Y{u,Uo)[L = Lg/h./h^T^m^'^ = {Yg/h,{u,Uo) (^Yh.,{u,Uo))"''m2'^ 

(5.176) 



§The evolution operator yhi//i2 ("": ^o)/3'' iii (5.15) is not a coset correlator because it does 
not satisfy the /i2-global Ward identities [14]. 
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Y{u,Uo)[L = Lhi/h2]mi"'^ = Yhi/h2iu,uo)mr^ (5.17c) 
where (5.17) solves the factorized Ward identities (3.14b). The factorization 
(5.17) is correct for the hi/h2 theory because the projected factor (yhi/h2)mi'^ = 
0^hi/h2)mi"^^'Vm2{^2) Satisfies the /i2-global Ward identities (5.16d). Moreover, 
y^hi (^/i2)m2° equivalent representations of the g/hi and /i2 correlators 
respectively. 

It is then clear from (5.17b) that the conformal field theory of the nest 
Lg/h^/h^ is the tensor-product theory (g/hi) ® /i2, as anticipated in Section 2. 
Appendix C gives the exphcit form of the nest correlators in terms of conformal 
blocks. 

The procedure followed above can be further iterated to obtain the connec- 
tions and biconformal correlators of all the affine-Sugawara nests. The general 
scheme is 

Wgo{L = Lg/h^/_/h„) Wop{L = Lhi/.../h„+i) 

Wqp[L = Lg/hi/,,,/h^^^,L = Lhi/.../h„+i] Wqo{L = Lg/hi/,,,/h„^J 

(5.18) 

where the first step uses (4.6b) and a group relabelling, the second step uses 
the solution (4.1c) of the invariant consistency relations, and the last step uses 
(4.2) at p = 0. Continuing the iteration, we find the invariant biconformal nest 
correlators 

Y'^{u,u)[L = Lg/hi/,,,/h2„+:„L ^ -^/m/...A2„+i] = 

(5.19a) 

y°(fZ, u)[L = Lg/hi/_/h2„, L = Lhi/.../h2„] = 

^g/fti «o) [Yh,/h2 {u, uo)Yh2/h3 (m, Uo)--- Yh2^_^/h2n uo)Yh2„ {u, Mo)]/3° 

(5.1%) 

which are independent of Uq and solve the unfactorized Ward identities (3.10). 

The same scheme can be followed to obtain the n-point biconformal nest 
correlators 

A°'{z,z)[L = Lg/hi/,„/h2„+i,L = Lhi/,„/h2„+,] = 

K/hl ^O) [Ah^/h2 (^, ZQ)Ah2/h3 {Z, Zq)--- ^h2„//l2„+i {Z, ^0)^ft2„+l {z , Zq)]^'^ 

(5.20a) 
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A'^{z,z)[L = Lg/h^/_/h^^,L = Lhj^/^/h^J = 

K/hi ^o) [Ah^/h2 Zo)Ah^ih^ {z, Zo)--- Aan-i A2„ ^o) {z, Zq^"" 

(5.206) 

which are independent of the reference point and solve the unfactorized Ward 
identities (3.5). Using the general principles of the iteration, the results (5.19) 
and (5.20) are verified in Appendix B. 

Following the discussion of the first nest above, Appendix C discusses the 
factorization of the biconformal nest correlators (5.19) into the conformal cor- 
relators of the general nest. The result 

Y[L = Lg/h^/,„/h2n+l] = ® Yh2/h3 ® • • • ® yh2„-2/h2n-l <^ ^?l2nA2n+l (5.21a) 

Y[L = Lg/h,/.../Hj = Ygih, ® Yh,iH ® • • • ® n2„-2A2„-i ® ^2^ (5-216) 

shows that all the affine-Sugawara nests are tensor-product theories. The con- 
formal blocks of the general nest and an explicit example are also worked out in 
Appendix C. 

Beyond the coset constructions and affine-Sugawara nests, it is clear that 
solution of the factorized Ward identities will be more complex. In the following 
sections, we develop an algebraic reformulation of the system, which, given the 
affine-Virasoro connections, allows the construction of global solutions across all 
affine-Virasoro space. 

6 Algebraization of the Ward Identities 

Given the affine-Virasoro connections, the factorized affine-Virasoro Ward iden- 
tities (3.14) are an all-order system of non- linear differential equations. In this 
section we show that the system has an equivalent algebraic formulation, ob- 
served in discussion with E. Kiritsis. 

The algebraization may be understood in two ways. In the first viewpoint, 
we solve the unfactorized Ward identities (3.5) and (3.10) by the partially- 
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factorized forms of the biconformal correlators 

oo -j^ n -j^ n q 



^ . •J^n^9l^o;^^'il...i„^l...ipl^o;/3 J iil^i. -2° 

q,p=Q y- t'- ii...ip IJ,=1 v=l 

(6.1a) 

u)^f: [Y,^u,)W,,{u,),-] i^i^ (6.16) 

where = {-2°} and Mq are regular reference points. These forms verify the 
unfactorizcd Ward identities by differentiation, as seen explicitly for the invariant 
case as follows 

aw"(^,«)u=„= y: ^ , , iy(t^o)^+,,.+p(%)/ 

'^.^=0 ^" ^" (6.2) 
= y/(«o)(V,(«,«o) W-,p(«))/ = Y^^u) WMp'^ . 

Here, the translation sum rules (4.3b) were used in the last step, and the same 
steps with (4.3a) verify the partially-factorized form of the general biconformal 
correlators in (6.1a). 

Note also that the biconformal correlators in (6.1) are independent of the 
reference point used to define the partial factorization, for example, 

9.p=o (6.3) 

where the consistency relations (3.12b) were used in the last step. Similarly, 
d/dz^A°'{z, z) = is verified with the consistency relations (3.12a). 

The meaning of the partially-factorized forms in (6.1) is that the factorized 
Ward identities can be solved algebraically. More precisely, the biconformal 
correlators are completely factorized (and hence the factorized Ward identities 
solved) if we can factorize the connections at the reference point, which is an 
algebraic problem. For the general connections, the abstract form of this fac- 
torization reads 

Ct.,,M..,, ^ ^?(^o) W,i...,„n....,(^o)/3" = (^,....,, A,„„,X (6.4a) 
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^ii-i, = 9n ■ ■ ■ dj^A{z)\,=,,^ , Ai^,„i^ =di,... di^A{z)l=,^ (6.46) 
while for the invariant case we have the simpler problem 

C^^ ^ r/(Ho) W,,{uo)^" = (F, Y,r (6.5a) 

Yg = d''Y{u)U=uo , Yp = dPYiu)U=^, . (6.56) 
In the following section, we shall return to study the concrete factorization 
ansatze (3.15) in this algebraic form. 

An equivalent statement of the algebraization is as follows. The factorized 
Ward identities in (3.14) are completely solved if they are solved at the reference 
point, where they read 

(i,,...,,^n....J" = q:...,,,,..^. (6-6a) 

in the notation of (6.4) and (6.5). To check this for the invariant case, assume 
(6.6b) and follow the steps 

{U - UqY 

Uo 



(a^r a^r)" = ^ ^ — _i^a"(a''r a^'r)"|„= 

r=0 



-Uo 



r=0 ' • s=0 

V (M-Mpj- ^(r\^ (6.7) 

2-^ ^1 2^ \ c 1 q+s,p+r-s 



r=0 ' ■ s=Q 

oo 



r=0 ' ■ s=0 



r,.=0 



= Y^^{u)W,,{uY- 

where YlT=o Ss=o /(^' = I^rs=o /(^ + ^) ^'^^ translation sum rule (4.3b) 
were used in the final steps. Similarly, one uses the translation sum rule (4.3a) to 
see that the factorized n-point Ward identities (3.14a) are solved by the algebraic 
factorization (6.6a). 
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7 Factorization 



In this section, we factorize the invariant biconformal correlators via concrete 
reahzations of the algebraic factorization (6.5). 

In particular, we distinguish four concrete algebraic factorization ansatze 





V 


[matrix] 


(7.1a) 




V 


[vector] 


(7.16) 




— V 

V 


[vector-bar] 


(7.1c) 


rtoi 


'yo. -ya 

/ J qu up 


[symmetric] 


{7.1d) 



which correspond to the factorization ansatze listed in (3.15) as follows, 

[matrix] F"(m, m) = ^ ?/(M)n(M)/ (7.2a) 

q=0 p=0 

[vector] F"(m,m) = E ?^(m)F^"(m) (7.26) 

q=0 p=Q P- 

[vector-bar] F"(m, m) = ^ ?^"(m)1^(m) (7.2c) 

1/ 

Y.-{u) = Yi{uo)t^^^yq., , yM = tyJ^^^ 

g=0 9- p=Q P- 

[symmetric] Y''{u,u) = yui^)Y^{u) {7.2d) 

q=0 y- p=0 P- 

The four ansatze share the notion of a conformal structure index u, while differ- 
ing in the assignment of the Lie algebra indices a, j3. Wc remind the reader that 
the solution (3.19) iov g/h and h resides in the vector ansatz (7.2b) with u = M. 
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Moreover, the factorization (5.17a) of the first non-trivial affine-Sugawara nest 
is in the vector-bar ansatz with v — (mi,m2). For the general nest, the factor- 
ization of (5.19) (see eq.(C.3)) is in the vector ansatz for L — Lgih^j^^^j^^^^-^ and 
in the vector-bar ansatz for L — Lgi^^i^ jh^^. 

More generally, the matrices Wqpiuo) and Cqp — Yg{uQ)Wqp{uQ) are infi- 
nite dimensional, so we expect (and will find) that each of the ansatze exhibits 
infinite-dimensional factorizations, with an infinite number of conformal struc- 
tures, for any K-conjugate pair of affine-Virasoro constructions. An infinite- 
dimensional conformal structure is expected in irrational conformal field theory, 
but the problem is that there are too many solutions, many of which are appar- 
ently not physical. 

As an example, consider the matrix ansatz (7.1a), whose solutions for any 
invertible Y are 

oo 

= E(^"%^<?f M , i^,p = 0,l,... . (7.3) 

This is a very large class of solutions to the Ward identities, most of which 
must be unacceptable as they stand. To understand this, consider the simple 
particular solution 

(n.)/ = {Y-\a/ = 5qX , (^-p)/ = W,p{uo)J (7.4a) 

n"K«o) = >;"(«o)^^^^^ , Y^{u,Uo)a' = f:W^p{uo)J^^^^^^ 

(7.46) 

whose conformal structures Y^^ z/ = 0, 1, ... do not show the conformal weights 
of the L theory. We believe that these conformal structures should be viewed 
only as a basis for a physical solution, reasoning as follows. Given any particular 
solution F(tio), Y{uq) to (7.1a), we also obtain the associated family of solutions 

y^(ii, uo) = Y{u, uo) n(uo) , Y'^iu, uo) = n-\uo) Y(u, uo) (7.5) 

where Y{u,Uq), Y{u,Uq) is the particular solution and Q{uq) is an arbitrary 
invertible matrix. It is then clear that the conformal structures F^"(m,Mo) in 
(7.4) are a basis for the family 

(y;)^(^, uo) = E ^"(^' ^o) ^^(^^o).^ = E n^K) ^ niuoU (7-6) 

z/=0 u=0 ^■ 
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which is an essentially arbitrary power series in {u — Uq) . 

Our attention is then focused on the problem of finding a good basis, in 
which the solution is physical, by paying attention to general principles. In 
what follows, we study a natural factorization in the vector ansatz which gives 
a global solution across all affine-Virasoro space. This solution 

a) reproduces the correlators (3.16e) and (5.21) of the coset constructions 
and the affine-Sugawara nests, 

b) exhibits braiding for all affine-Virasoro constructions, and 

c) shows physical behavior at high level for all affine-Virasoro constructions 
on simple g. 

8 Factorization by Connection Eigenvectors 

The invariant affine-Virasoro connections {Wqp)a^ define an infinite-dimensional 
eigenvalue problem 

E^<?pMa''^i^n«o) = ^.(«o)V^i^H«o) (8.1a) 
p 

E<(.)K)W^,p(«o)/ =i?.(wo)^p%)(«o) (8.16) 
whose eigenvectors provide a natural factorization in the vector ansatz (7.2b), 

oo 

Wqp{uo)J = E («o)^.(«o) <.)(«o) (8.2a) 

Y^{u,uo) = ^E^iuo) Y^^{uo)i^(:\u,uo) , V^i^^H^, «o) ^ E ^^^^^ M 

(8.26) 

Y^{U, Uo) = ^jE^{uQ)i^'(^){u, Uq) , ^/'f^)(M, Uq) = E — ^p{u){uo) ■ 

p=0 P- 

(8.2c) 

More precisely, the spectral resolution (8.2a) holds when {Wqp)a^ is diagonal- 
izablc, which we shall see is true at least down to some finite level because it 
is true at high level (see Section 10). In what follows, we refer to the basic 
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structures ip^\u, Uq), uq) in (8.2b,c) as the conformal eigenvectors of the 

L and L theories respectively. Note also that only the conformal eigenvectors 
with contribute to the factorized correlators Y and Y. 

An equivalent form of the factorized correlators (8.2b,c) 

-1 oo 

Y,{u, uo) = E V^iaH^o) dlf^iu, uo) (8.3a) 

^E^(Uq) p=0 
-1 oo 

Y:{u,Uo) = E<wMP„o + W^{uo)yMu,Uo)V (8.36) 

f-{u,uo) ^F/ME^^^^^l^^oM/ (8.3c) 

fo{u, i^o)/ = E W^op(i^o)/ i^i^^ (8.3d) 
p=0 P- 

is obtained by using the eigenvalue equations for E^, ^ and the identities 

g (^ - ^o) V ^^(^o) =(a.o + ^n%)rE ^''~r°^V ,o(%) (8.4a) 

?=0 q=0 

E ^..K) ^^^^^ = (5.0 + W<^{uo)y E W^op(«o) ^^^^^ (8.46) 
p=o P- p=o P- 

which follow from the consistency relations (3.12b) or their solutions in (4.1c,d). 
In this form, the factorized correlators are expressed as eigenvector projections 
of the basic structures /o, /q. 

As a first test of the global solution (8.2) and (8.3), we reconsider the 
familiar case L = Lg/h and L = Lh, for which the basic structures (8.3c,d) are 
easily summed, 

f^{u, Uo) = Y^/f^{u, Uo) , fo{u, Uo)J = Yh{u, Uo)J (8.5) 

using the connections in (5.8) and (5.6b). Moreover, we can use (5.10) to eval- 
uate the Uo derivatives in (8.3a), which gives 

-1 oo 

Y^'\u, Uo) = Y^/^{u, uo)S:\uo) , S:\uo) = ^— E W^op(«o)a^VSSVo) 

^E^{uo) p=o 

(8.6) 
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for the coset constructions. In this case, the conformal structures are degenerate 
in that all the u dependence of each structure is in the same correct coset factor 
Y^^f^{u,Uo), defined in (3.16e). 

We have also checked that the global solution reproduces the known results 
in Section 5 for all the affine-Sugawara nests. As an example, the basic structure 
/o and the factorized correlators of the first non-trivial nests, 

f^{u, uo) = Yg^.iu, uo)Yh^{u, uo)/3" (8.7a) 
Y,^/^^/^^iu, Uo) = Y;;^^iu, Uo)Yf,,iu, UoWD^Zl^^iuo) (8.76) 

-1 oo 

DlnlTiuo) = -j=— E <^^'^(«o)^r^«(^o) (8.7c) 
^JE^[uq) p=o 

<(^i)(<^'^)/3" ^ (<^'^)mr^<(^2) (8.7d) 

are obtained with (8.3), (5.12), (5.10), (3.20e) and (5.16) for L = Lg/hi/h2- The 
conformal structures in (8.7b) are again degenerate, with all u dependence in 
the correct nest factor Yg/h^ (g) Y^^. 

In what follows, wc study two general features of the eigenvectors, which 
provide some evidence for good physical behavior of these solutions across all 
affine-Virasoro space. 

9 An Origin for Braiding in Irrational CFT 

In rational CFT, braiding appears as a property of linear differential equations, 
but, in the general CFT's of the Virasoro master equation, it is unlikely that 
linear differential equations [20,7,14] extend beyond the coset constructions. An 
important feature of the solution (8.2) is that it is based on a linear (eigenvalue) 
problem, which, as wc shall see, generates braiding in the more general context. 

To begin, we write the corresponding eigenvalue problem (8.1) in the more 
flexible notation 

WUuo)^i'^''°^\uo) ^ E,^^,){uo)i^f^'''^\uo) (9.1a) 
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to facilitate comparison with the eigenvalue problem at 1 — Uq, 

W,,{1 - Ko)V'i"^'-"°^ni - ^o) = ^.(i-o)(l - iio)V'J''^'-"°^ni - ^o) (9.2a) 

V'gMl-«o))(l - Uo)Wgp{l - Uq) = - Mo)^p(i.(l-«o)) (1 " ^*o) • (9.26) 

In these forms, we avoid any labelling prejudice by allowing the conformal struc- 
ture index u to depend on uq or 1 — uq. 

The eigenvalue problem at 1 — i^o may be rewritten as 

W,,{uo)[{-rP23i^i''^'-"'^\l - Wo)] = i^.(l-«o)(l - «0)[(-)^P23V^J'^^'-""»(l - Wo)] 

(9.3a) 

[(-) VgMl-«o)) ( 1 - Uo)P23]Wqp{uo) = £^i.(i-„o) ( 1 - Mo) [(-)^^pKl-wo)) (^ " ^0)^23] 

(9.36) 

by using the crossing symmetry (4.8) of the connections. Comparing (9.3) to 
the eigenvalue problem (9.1) at mq, we learn first that the set of all eigenvalues 
is closed under uq ^ 1 — uq 

{^.(i-«o)(l - ^^o)} = {E,^^^){uo)} (9.4) 
and we also learn that the connection eigenvectors enjoy the crossing symmetry 

(-)^^23 - Mo) = E vsS^"°"(^o) X,(^,,f^'-^o) 

(m I-£^m("o) ("o)=S„(i-uo) (1-«o)) 

(9.5a) 

(-)"^;(.(l-«o))(l - «0)P23 = E ^.(1-0)'^^""^ i^pMuo))M . 

{l^\Ef_,(„^^)iuo)=E^i^i_„^)(l-uo)) 

(9.56) 

The sums are over the i^o-eigenvectors with eigenvalue in the degenerate subspace 
labelled by £',^(i_„(,)(l — uo), and X, X are braid matrices, to be determined. 

The crossing symmetry (9.5) translates directly to the braiding of the con- 
formal eigenvectors 

P23V;r""°"(l-«'l-«0) = E 4''^'''^\u,Uo)X,^uof^'-^''^ 

(9.6a) 

V'f.(l-„o))(l - M, 1 - Uo)P23 = E ^z.(l-«o)''^"°^ 'l'Uuo))(^^ ^o) 

(9.66) 



27 



according to their definition in (8.2b,c). The braiding (9.6) of the conformal 
eigenvectors, and the origin of the braiding in an eigenvalue problem, are among 
the central results of this paper. It remains to study this braiding at the level 
of conformal blocks, but, because the solution correctly includes the correlators 
of the coset constructions, there can be little doubt that (9.6) includes and 
generalizes the braiding of rational conformal field theory. 

10 The High-Level Correlators of Irrational CFT 

Beyond the coset constructions, it is unlikely that a closed form solution can be 
obtained for the connection eigenvalue problem (8.1). On the other hand, the 
problem is tractable by high-level expansion [12,14], which takes the form of a 
degenerate perturbation theory. 

For the expansion, we restrict ourselves to a fixed choice of external repre- 
sentations T on simple g, with conformal weights A(T) = 0{k~^) at high level. 
Then, the invariant connections exhibit the form in (4.12b), 

W^p^Wq^Wo^ + V , V^O{k-^) (10.1) 

which defines a Hamiltonian perturbation theory with leading-order Hamiltonian 
W^goW^op and perturbing potential V. The result at F = is exact to all orders 
for L — Lg/h and L — L^, but, beyond the coset constructions, the form of V will 
generally violate the factorized form VFgoW^op of the leading-order Hamiltonian. 
The eigenvalue problem of the leading-order Hamiltonian 

W,o{uo)a''[£Wopiuo)/i^^;^iuo)] = E,{uo)'ip^''J{uo) (10.2a) 

p 

[E<.)K)W^,o(iio)/]W^op(Ko)/ = £;.(KoXH(no) (10.26) 

is itself non-trivial, but, according to (8.2a), we need only those eigenvectors with 
7^ 0, which are easily characterized by solving (10.2) for the eigenvectors on 
the right. It follows that all the eigenvectors with E^, ^ have the form 

^^^o) = W,o^o)J^^^iuo) , ^p%)(«o)=<)(«o)Vrop(Mo)/3" , E^y^O 

(10.3) 
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where and (f) are the (non-zero eigenvalue) eigenvectors of the reduced eigen- 
value problem 

(10.4a) 

M{uo)J = Y.{Wop{uo)Wpo{uo))J (10.46) 
p 

which is defined on the space ^T"^ ® of the representation matrices. 

This result establishes the remarkable fact that only a finite number of 
conformal structures 

= 4eJ^)Y^{u^) f; W^^{u^)^^f{u^) + Oik--") (10.5a) 

(u, uo) = \[eJu^ (^i, lio) 

= ^^.(^o) <)(^o) E W^op(^o)/3" ~ i"""^' + 0(fe-^) (10.56) 

p=0 

4 

£;^^o , i/ = o,i,...,i:)(r)-i , D(r)<ndimr^ (io.5c) 

i=l 

contribute to the affine-Virasoro correlators at leading order. The counting is a 
consequence of the factorized form W^goW^op of the leading-order Hamiltonian, a 
property which will be lost at higher order for the generic construction. In this 
case, higher-order perturbation theory will generate more non-zero eigenvalue 
eigenvectors (from the infinite subspace = {) m (10.2)), leading eventually to 
an infinite number of contributing conformal structures for the generic affine- 
Virasoro correlator. 

On the other hand, the form (10.1) at = 0, and hence the solution (10.5), 
is exact to all orders for L = Lgi^ and L = L^. With (8.5), this gives 

Y^'\u,uo) = Y^/^{u,uo)4eJ^)4>V{uo) , i^ = 0,l,...,D(r)-l (10.6) 
for the coset constructions, in agreement with (8.6). 
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More generally, we may use the explicit form of the high-level connections 
in (3.11), (4.9) and (4.11), for example. 



W,o{u) = {-Y-\q - 1)! ^iX'T^u-'^ + T^T^iu - 1)-^) + 0{k-') 



?>1 
(10.7) 

to sum the series in (10.5). The result summarizes the high-level afhne-Virasoro 
correlators 

%{u, Uo) = Yl{u, Uo) ^E,(uo) ^'^:\uo) + 0(k-^) (10.8a) 



Y~^{u,Uo)^Y^^{uo){l+^ 



\Uo 



1-u 

1-Uo 



- ab 



2k 



+ o{k-') 



)/ + Oik-') 
(10.86) 

(10.8c) 



for all afiine-Virasoro constructions L on simple g. The form (10.8) is one of the 
central results of this paper. 

As seen above for the coset constructions, the high-level conformal struc- 
tures (10.8) arc degenerate in that all the u dependence of each structure is in the 
same factor YP^{u, Uq). We remark that the factor Y^{u, Uq) is the n = 4 invari- 
ant form of the high-level n-point correlators conjectured for all affine-Virasoro 
constructions in cq.(14.3) of Rcf.[14]. Since the cosct correlators (10.6) are cor- 
rectly included in the exact solution, the form (10.8) with P = P^ 



9/h 



is correct for all high-level cosct constructions. More generally, we will argue 
below that the form shows good physical behavior for all the constructions. 

More precisely, we will find that the factor Y^{u,Uo) shows the correct 
//"''-broken conformal weights, and hence the correct singularities, for an affine- 
Virasoro correlator of four broken affinc primary fields. To see this, we first 
expand Yg{uo), Yg{uo)Et=iV 



in a basis of invariant tensors v2 of 



^/M = E •^9(^e,e';«o)<(r,e,a 



v'a [r 



,e,r)E(W = o 



(10.9) 

The coefficients J^g are related to the affine-Sugawara conformal blocks at -u = -UO) 
whose precise form is not relevant in the present discussion. One choice for 
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is the s-channel basis 



aiaia3a4 



[r, a = E ^3^"^"^(e) vr^'^^'^iO Va.ar (10.10a) 



CKj Otj OCr 



(0=Ef"^ "^^^)ry-- (10.106) 

where v^{^) are the invariant tensors of T-' T'', an irreducible rep- 
resentation of g. In (10.10b), these tensors are given in terms of the inverse 
metric 77°='-"*' on the carrier space of and the Clebsch-Gordan coefficients 
(• • •) for the decomposition ® — . The ^ label in is needed when 
a representation appears more than once in the decomposition. 

Physically, the argument r in v2{r,^,^') labels the irreps of g which 
appear in the s channel {u — > 0) of the four-point correlators, while dis- 
tinguish the different couplings of the various copies of T^. The basis (10.10) 
was obtained by studying Haar integration over four representations of g, and 
corresponding t- and u-channel bases are obtained by permutations of aia'2a^a4^ 
in (10.10a). 

Using (3.1) and (10.10c), we verify the exact relation 

(10.11) 

where {Aa(T)} = diag(L"''7^7^) are the conformal weights of the broken affine- 
primary states corresponding to the external representations T^, and the s 
channel representation . 

Collecting these results, we find that 

/ qi \ ^otf ^a-^ ^Oi2 

Y[(U, no) ^ E ^,(r, C'; ^^o) <^"^"^(e) - ^^^^^ 

OLrCXf! 

+0{k-^) (10.12) 

which shows the correct conformal weight factor (■u/-uo)^"'"~^"i~^"2 for broken 
affine primaries in the s channel. A similar analysis in the t channel (u ^ 1) 
shows the expected factor ((1 — u)/{l — Mo))'^"*~'^"i~^"3 , where t labels the 
broken affine primaries in the t channel. 
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Prom (10.12), we may also read the high-level fusion rules of the broken 
affine modules: In rational and irrational conformal field theory, these rules fol- 
low the Clebsch-Gordan coefficients (10.10b) of the representations. We remind 
the reader that the coefficients are computed in the simultaneous L-basis of the 
representations (see Section 3), where all the conformal weight matrices are di- 
agonal. The next step is to study the braiding of the high-level conformal blocks 
of (10.8). 

11 Conclusions 

The affine- Virasoro Ward identities [14] are a system of non-linear differential 
equations which describe the correlators of all affine- Virasoro constructions, in- 
cluding rational and irrational conformal field theory. In Ref.[14], we solved 
the Ward identities for the coset constructions, providing a derivation of the 
coset blocks of Douglas [15]. In this paper, we solved for the conformal correla- 
tors of the affine-Sugawara nests, and showed that global solutions exist across 
all affine- Virasoro space, so long as a generically-infinite number of conformal 
structures is allowed. This is in agreement with intuitive notions about irrational 
conformal field theory. 

We focused on a particular global solution which is based on a natural 
eigenvalue problem in the system. This solution reproduces the correct coset 
and nest correlators and exhibits a braiding for all affine- Virasoro correlators 
which includes and generalizes the braiding of rational conformal field theory. 
The underlying mechanism of the braiding is the linearity of the eigenvalue 
problem. 

The solution also shows good physical behavior, at least at high level on 
simple g, where we are able to see the high-level correlators and high-level fusion 
rules of irrational conformal field theory. 

In this first look at the correlators of irrational conformal field theory, we 
have raised as many questions as we have answered. In particular, further work 
is necessary to be certain that our particular solution is globally physical at 
higher order and/or finite level. 

We are least satisfied in our understanding of the multiplicity of solutions 
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to the system, which is associated to various factorization ansatze. In spite of 
appearances, we have seen some evidence that these solutions are related to 
each other, sometimes via irrelevant constants and sometimes via a change of 
basis, as noted in Section 7. Alternately, it is possible that we lack a boundary 
condition on the system, whose nature could be central in finding the correct 
solution. 

To supplement future discussion of these questions, we have included in 
Appendix D the results of another natural factorization, in the symmetric ansatz. 
Although the assignment of the Lie algebra indices is quite different in this 
solution, it gives the same correct coset and nest correlators, and the same 
high-level correlators for all affine-Virasoro constructions. 
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Appendix A: Second-order connections 

For use in the text, we give the known forms of the second-order {q+p — 2) 
affine-Virasoro connections [14] . For the n-point connections, we have 

Wo,ij - diWo,j + ^{Wo,i,Wo,j)+ + Eo,ij , Wij,o = diWj,o + l{Wi,o,Wj,o)+ + E,,,o 

(A.la) 

W,,j ^ W,,oWo,j + (A.lb) 
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{q'jq'jn'i _i_ TiTiTj ^ 'rkq-iq-j | 

Zij ^^ij ZijZik J 

{A.lc) 

1 

and the corresponding invariant second-order connections are 

Wo2^dWoi + W^, + Eo2 , W2o^dWw + W^o + E2o (A2a) 

Wu = WioWoi - Eo2 = WoiWio - E20 {A.2b) 

Eo2^-2lL'^L<'fde'^Vabc , ^20 =^02^^^ (A2c) 

{A.2d) 

More generally, the invariant one-sided connections Wop can be obtained from 
the four-point connections by iterating the general SL{2, IR) x SL{2, IR) relation 

Wopiu) = [Wo,,.A^) + (-r'^T^X^4 - E/p,s(^)Wo.(«) 

(A.Sa) 

and using the global Ward identity to eliminate the fourth representation T^. 
Then, the mixed invariant connections Wqp can be obtained from Wq^ by using 
the solution (4.1c) of the invariant consistency relations. 



Appendix B: General A-S nest connections 



The biconformal correlators (5.19) and (5.20) of the affine-Sugawara (A- 
S) nests were obtained by continuing the iteration schematized in (5.18). In 
this appendix, we use the general principles of the iteration to prove that these 
results are correct. 
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By differentation of the invariant biconformal correlators (5.19) and com- 
parison with (3.10), we obtain the invariant connections of the general nest 

Wqp[L = Lg/hi/.../h2r,+i:L ^Lh-,/.../h2u+l\ 

-n-t£---Et£--"f(;)(nn(r)(r) 

ji=0j2=0 j„=0n=0i2=0 i„=0 ^'1^ k=2 \ Jk / \ y 

/l2n-2//l2n-l'-' /l2n-l /fen fen/fen+l -'^ 

(5.1a) 

('")^/ll//l2('") ^fe/fel^) ■ ■ ■ ^/l2n-lA2n('")^/l2n (■")]} k=U 

ji =0^2=0 j„=on=oi2=o i„-i=o V-^i/ ^^1^ \ / fe=2 \ Jfe /V ^fe / 

(fi.16) 

These connections are guaranteed to satisfy the consistency relations (3.12b), 
which are the integrability conditions for the existence of the biconformal cor- 
relators. 

Then, we need only check the embedding relations 

Wop{L = = Wpo{L = Lh,/.../h2n+i) {B.2a) 

W,,{L = L,,/.../,,J = W,,{L = L,,/.../,,J {B.2h) 

which are verified from (B.l) by choosing first q — Q and then p = 0, followed 
by the appropriate renaming of groups. 

As another check on these results, note that the form (B.lb) for the even 
nests can be obtained from the form (B. la) for the odd nests by setting /i2n+i = 
and y/,2n+i = 1- 
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An alternate expression for the invariant nest connections 



Lg/hl/.../h2n+l^L — Lhl/.../h2n+l] 



EE---EEE---E 

ii=0j2=0 j„=0ji=0i2=0 i„=0 



n 

fc=2 



Jfc-1 



Jk 



ik 



0>9-Jl "^"^ 0,p-ll 0,31-32^* 0,ll-l2 Q,3n-l-3n 



lpy"2n-l/"2np;^"2, 



(5.3) 

follows with (5.8), and the corresponding result for even nests is obtained from 
(B.3) with /i2n+i = 0, ^/i2„+i = 1 and Wq^^^^ = Si^^. This form of the connec- 
tions shows that they are independent of the reference point uq of the evolution 
operators, and it is also the most convenient form to check against the known 
forms of the first and second-order connections in (3.11) and (A. 2). After some 
algebra, we find that they are in complete agreement. 

We turn now to the general n-point biconformal nest correlators in (5.20). 
To check this result, we need the general n-point nest connections 



^3i--3q,n--h 



p[L — Lg/;j^/.../^2^_^j, L — -£'/ii/...//i2n+i] — 

q h 



In — 



n-1 P 



f^ri. — 1 



V{ji...jq) V(,ii...ip) ^' h=0l2=0 l„=0ki=0k2=0 k„=0 



X 



X 



X 



p 



q-h 

n djJAh^/hs 

n= 



kr—l 



(n 

/il=l 



( n c)i^,)^h,/h2 

i^l=l 



p-k2 



"2 = 
-fcl+1 



( n KMn. n— 2/h2n-l 



. 9-'n-l+l 



p-k„ 

n 



\{9,^^J^h2 n 



Mn+1 = 
9-'n + l 



(5.4a) 



"71 + 1 = 
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r{ji...jg)^- Piii...ip) i^- h=oi2=o z„=ofci=ofc2=o fc„=o ^'■1^ '^'^1^ 

-A- //r-l yA;r-l \ JX^hi/h2 wfe/?i3 tt/Wi4 

11 ^ / ^ y Ojl---jq_;^ "0,Jl---lp_fc^ "0jq_ij + l---jq_i2 "0,lp_fcj + l---lp_fc2 

_ _ _ TI^/l2n-2//l2n-l TI^/l2n-l/'l2n TI^'l2n//»2n+l TI^/l2n+l 

0,jq_(^_^ + l-jg_i„ 0,ip_fc^_^+l-ip_fc„ Ojq_i„ + l-jq 0,ip_fc„ + l • • -jp 

(S.46) 

which are obtained by different at ion of (5.20) and comparison with (3.5). Here, 
^oit-ip = Wo.i,,„i^{Lg/h) and W^g^^ = Wo,i,...ip{Lh) are the one-sided n-point 
connections oi g/h and /i, and the resuhs for the even nests g/hi/ . . . //i2n can 
be obtained from (B.4) by setting /i2n+i = 0, Ah^^^^ = 1 and ^ 
Sk„fi- The general nest connections are independent of the reference point Zq of 
the evolution operators, and satisfy the consistency relations (3.12a), which are 
the integrability conditions for the biconformal correlators. Finally, the correct 
embedding relations 

WQ^i^,„ip{L = Lh-,/.../h2,,+i) = Wij^,„i^fi{L = I/fti/...//i2„+i) {B.5a) 

are verified from (B.4) and the corresponding form for the even nests, which 
completes the check of (5.20). We have also checked (B.4) against the known 
forms of the first and second-order connections in (3.8) and (A.l). 



Appendix C: Conformal blocks of the A-S nests 

Following the change of basis given for the coset correlators in Ref.[14], we 
discuss the affine-Sugawara (A-S) nests at the level of conformal blocks. 

For four representations 7^, i = I, . . . ,4 of g and the subgroup sequence 
D /ii D . . . D /in, we introduce the /i^-invariant tensors v!^.{hj), 

<(MEra/ = , aehj {C.la) 

i=l 

K^(/i,)}cK^.^^(/i,+i)} , j = 0,l,...,n-l . (Clb) 
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Here we have introduced ho = g for uniformity and the tensors are chosen to 
satisfy v^.{hj) = v!^.{hj+i), {rrij} C {nij+i}. Using global Ward identities, we 
may then expand the operators in (5.19) as [14] 

(C.2a) 

< {hj)Yh,/hj+, {u, iio)/3" = {u, uoUr'^'v^,^^ (hj+i) (C.2c) 

Here, c?''° are constants, J^hj are the conformal blocks of hj, chosen so that the 
left indices rj label the blocks by hj representations in the s channel (i* — > 0), 
and C are the coset blocks [15,14]. 

Using (C.2), the biconformal correlators of the nests (5.19) factorize as 
follows, 

Y°'{u,u)[L = Lg/h^/,,,/h2^^^,L = Lh^/.../h2r.+i] 

^Y^h,i^^'^^)Yh,/h2{u,Uo)mr^ ■ • •nW'^2„+i(^^,^io)m2„'"'"+^n2„+i(li,^io)m2„+i" 

=Y^{u,Uo)[L = Lg/h,/.../h2n+i] y^{u,Uo)[L = Lh,/.../h2n+i] > = i^u ■ ■ ■,m2n+i) 

(C.3a) 

=^J/Ai(^' '^o)Yh,/h2{u, Uo)mr^ ■ ■ ■ Yh^^_^/h2n{u, Mo)m2„_i"''"y?i2„(«, Mo)m2„" 
=y^"(u, Uq)[L = Ls/^i/...//,2„] Y^{U, Uq)[L = Lh^/.../h2n\ > = ■ ■ ■ > "^2n) 

(C.36) 

where the factorized correlators of the L theories are 

%{u,Uq) [L = Lglh^l,„lh2n+l] 

n 

= Y^l {u, uo) n {u, uoUr'^' iCAa) 

= Uno)ZtZ:^, Klh./.../h2.^. {u)Zt2T' (C-^b) 
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YI^{u,Uo) [L = Lg/h,/.../h2n] 

= YgTh ^o) n Yh,,/h,,^, {u, uoUr'^'Yu^n (u, uoUr."" (C.4c) 

- jA^O>rir3...r2r.-im'2n'^^9/hi/.../h2nWror-2...r2n-2r2n ■ 

The constant factors /(mq) in (C.4) are 

n n 

M^0)Zt?2:^. = d''" n Ki''^)rn2/'' n ^h2U^0)r2,^r''^' {C .ho) 

0=1 k=0 

n-1 

(C.56) 

and the nest blocks Mg/hi/.../hn of the conformal field theories Lgih^i_,_ih^ are 
given by 

n 

3=0 

n-1 

i=o 

Each of the nest blocks M is & tensor product of blocks, as expected. 

As a consistency check on the factorization, it is not difficult to check that 
the correlators Y{L) in (C.3) give the blocks A//ij/...//i2„+i and A/?i^/.../fe2„, obtained 
from (C.6) by renaming groups. Note also that eqs.(C.4a,c) are the explicit forms 
of the tensor products (5.21). 

As a concrete example on gf D /ii D . . . D /i^, we choose the subgroup nest 
Qx = {ho). = SU{N),, X SU{N),, X ... X SU{N),^ {C.la) 

hj = SU{N)y^ xtj+, SU{N),, , yj = Y: Xk (C.76) 

k=0 

and the integrable representations of g as = T"^ = (7(Ar), 0, . . . , 0), = 
= (7^^), 0, . . . , 0) in the N and N of SU{N)^^. Then (C.6) gives the nest 
blocks 

n 
j=0 
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n—1 

,y2j+i)r2j 

where the coset blocks C and the SU{N) blocks J-' are 2x2 matrices, 

(C,,,,,,J./^+^ = (^,,).,™^(^-;j^/^+^ , r, = V,A , m, = l,2 Vj (CQa) 

(C.96) 

- 1 A N 1 

^^=2]V(^ ' ^^ = ^ ' = ^ ^^-^^^ 

(^.(m))^/' = u-''^^{l ufy-^'^yFiXy, -\y, 1 - N\y; u) 

{J'yiu))/ = K^"-^^^ (1 - u)^y-'^yF{{N - l)Xy, {N + 1)A„ 1 + u) 

{J^y{u))v^ = -u-^^y+\l - ufy-^'^yFil + Xy,l- Xy, 2 - iVA,; u) 

y 

{Ty{u))A^ = -Nu^y--'''y{l - u)^y-^''yF{{N - 1)A„ {N + 1)A„ NXy- u) . 

{CM) 

Here V and A label the vacuum and adjoint blocks [7] in the — > channel and 
F is the hypergeometric function. In these examples, the number of nest blocks 
Mg/hi/.../hn is 2"+^. It is interesting to note that, for a fixed choice of external 
representations, the number of nest blocks grows with the nest depth n. In this 
sense, the nests may be considered as a prelude to irrational conformal field 
theory, where a generically-infinite number of blocks is expected. 

We have made a spot check of the s-channel singularities of the nest blocks in 
(C.8), using the known behavior of the subgroup and coset blocks [14] as m — >^ 0. 
Approximately half of these intermediate states are immediately identifiable as 
broken affinc primary states (with conformal weights A — Y^^=Q{~y ^hj) and 
the other states are presumably broken affine secondary. 

Finally, the crossing-symmetric non-chiral correlators of these nests 

n 

^fl//ii/.../h2n+i «*) =Y[yh2jlh2i+M^u*) , hQ = g (C.lOa) 

j=0 
n-1 

y9/hi/-/h2niu,u*) ^l[yh2j/h2j+Au,u*)yh^^{u,u*) (ClOb) 

j=0 
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yhi{u,u*) =J^yAu)v^Ty.{u*)v^ + ^yj{u)v'^TyAu*)v'^ 

(aiOc) 
(C.lOd) 

^^-^^-^ lr(i-7VA)J r((7v-i)A)r((7v + i)A) ^^-^""^ 

are nothing but the product of the crossing-symmetric non-chiral correlators of 
the relevant subgroups [7] and cosets [14]. At level xq — 1, the number of con- 
tributing nest blocks in (C.IO) is 2", which corresponds to the usual consistent 
chiral truncation of the blocks of SU{N)i. 



Appendix D: Symmetric factorization 

In this appendix, we discuss a second natural factorization of the invariant 
biconformal correlators, in the symmetric ansatz (7.2d). This gives a second 
global solution, whose details apparently differ from the solution of the text. 
Nevertheless, we find that this solution gives the same correct coset and nest 
correlators, and the same high-level affine-Virasoro correlators found in Section 
10. 

At each fixed choice of the Lie algebra index a — {aia2CK3a4), the matrix 
— {uo)Wqp{uo) la"' defines an infinite-dimensional eigenvalue problem 

E^^p^pmK) = ^."(«o)^,V)K) (D.la) 
p 

EV^.wKjc^, = ^."M^;(.)K) {D.ib) 

oo 



C^P = E <(.)K)£^."(ho)V'p%)K) . {D.lc) 



Then, the spectral resolution (D.lc) of C^^ gives the factorization 



{u - Uo) 



q=0 1- 

{D.2b) 
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17 (m, Uo) = /e^M '"o) , V'"^ ) {U, Uo) = £ ^ ^ V'^(^) (mo) 

p=0 

(D.2c) 

where the structures 'ip^^-^{u,UQ) and ip^^^{u,Uo) are the conformal eigenvectors 
of the L and L theories respectively. 

An elegant feature of the symmetric factorization is that the conformal 
structures are symmetric under K-conjugation, 

L^L : Y^^Y^ . {D.3) 

This symmetry, not shared by the solution of the text, follows from the K- 
conjugation covariance (4.5b) which implies that Cqp ^ Cpq and hence ip ^ i/) 
when L ^ L. On the other hand, the braiding of the symmetric factorization 
is further complicated by the factor Yg{uo) in Cgp. 

Corresponding to (8.3), an equivalent form of the factorized correlators 

1 oo 

^jE^{uo) p=o 

-1 oo 

Y^^{u,uo) = ^— - j:^^i4uo)dlJ^{u,Uo) (DAb) 
yE^iuo) q=0 

is obtained from the eigenvalue problem (D.l) when ^ 0. The basic struc- 
tures and = 1^/(1*0) (/o)/?" are defined in eqs.(8.3c,d). 

As an apphcation of (D.4), we give the results for the coset constructions 
and the first non-trivial affine-Sugawara nests 

(y^/'')^(«,«o) =!;%(«, «o)c?^(.)(«o) (D.ba) 

1 00 

rf^(.)(^^o) = ^— - E^op(«o)/j"i%)(^^o) {D.5b) 
\/E^{uo) p=o 

{Y^l^^l^-)l{u, Uo) = i;7^^(«, Uo)n,(«, Uo)^,-D^^l^{uo) {D.5c) 

-1 00 

DZ:W<^) ^ ^ <^'^K)mr^ V^p(.)(«o) (D.bd) 

\jE^{uo) p=o 

which correspond to L = Lg/h and L = Lgjh^/h^ respectively. The symbols 
in (D.5c,d) with mi and/or m2 indices are defined in eqs.(5.16) and (8.7d). 
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Although the constants in (D.5) differ from those in the corresponding results 
(8.6) and (8.7), the same correct u dependence is obtained for these conformal 
correlators. Simhlarly, the global solution (D.2) or (D.4) gives the correct u 
dependence for the conformal correlators of the higher nests. 

Finally, we follow the steps in Section 10 to obtain the high-level correlators 
in the symmetric ansatz. As in the vector ansatz, only a finite number oi ^ 
eigenvectors are found at leading order 

<(.)(«o) = iY,iuo)W,oiuo)f^0^4uo) + Oik-') 
V'pV)(^o) = {Y,{uo)Wo,{uo)rrpi.){uo) + 0{k-') 



{D.6a) 



E,^Q , t/ = 0,l,...,D,(T)-l , Ds{T)< Hdimr 



(DM) 



where the reduced eigenvectors 0, are the (non-zero eigenvalue) eigenvectors 
of the reduced problem 

M"(iio)/0^(,)(^o) = E:{uo)r0^4uo) 

M"(«o)/ = E^op(«o)/3"(i;(«o)^po(«o))^ 



{D.7a) 



M"(wo)/3"0"h(wo) = i?."(wo)0^(.)(no) 



{D.7b) 



To obtain this manifestly K-conjugation covariant form, we used the interchange 
identity WgoWop = WopW^o + 0{k~'^) in the ijj problem. 

Summing the series in (D.2), we obtain the high-level form of the affine- 
Virasoro correlators 

pa- 



i7(«,«o) = i?MU^ + 



k 



+'ra%' In 



U 



Uo 



{D.8a) 



k 



(f 









E-{uo)(t>'^^,){uo) + 0{k- 



(D.Sb) 
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Neglecting the constants 0), this result is in complete agreement with 

the high-level form of the vector ansatz in (10.8) 
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